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Abstract. Delay times of compressional body wave phases from both teleseismic and 
local events are used to invert for a high-resolution P wave velocity model in the Tonga 
subduction zone. The images obtained show a high-velocity subducting slab with velocity 
deviations of the order of 3-4%. Assuming to first order that the positive velocity 
anomalies within the slab are caused by a temperature effect, a theoretical slab 
temperature model based on the diffusion equation is used to explain velocity anomalies 
within the tomographic slab. Temperature differences between the interior of the slab and 
the ambient mantle are converted to velocity perturbations using the scaling parameter 
dVp/dT • 4.8 x 10 -4 km s -• øC-• for lithosphere material. The optimal values for the 
parameters in the temperature model are found using a nonlinear optimization that 
compares the integrated velocity anomalies in the tomographic slab region to integral of 
high velocities in a synthetic slab derived from a temperature model. The parameters for 
slab thickness and mantle potential temperature are not uniquely determined; therefore a 
fixed value for the mantle potential temperature based on laboratory values for the 
temperature of the spinel-to-perovskite transition at 660 km is used. Using 1180øC as the 
potential temperature, the theoretical temperature model gives an optimal slab thickness 
of 82 km for a region near 29øS in Tonga. The uncertainty in the thickness is dominated 
by the uncertainty in the mantle temperature and would be 8 km for an uncertainty of 
100 ø in mantle temperature, but nonsystematic errors are less. In order to enhance the 
tomographic result the velocity model is biased towards the theoretical slab model. 
However, a posteriori changes made to the tomogram will most likely violate the fit to the 
delay time data. To prevent this, the difference between the tomogram and the predicted 
slab model is projected onto the null-space of the inversion to remove components which 
do not satisfy the seismic data. Using only null-space components to modify the minimum- 
norm solution, an enhanced model is obtained which has been biased toward the 
theoretical solution but has the same data misfit as the minimum-norm solution. The final 

image shows a very narrow and continuous slab with maximum velocity anomalies of the 
order of 6-7%; many of the gaps within the slab, as well as artifacts around the slab 
which were present in the minimum-norm solution, are absent in the biased image. 

1. Introduction 

Since its conception three decades ago, the theory of plate 
tectonics has led Earth scientists to redefine their understand- 

ing of the dynamics of the Earth. One of the most heavily 
studied facets of plate tectonics is convergent plate boundaries 
where subduction occurs. Subduction regions have become the 
focus of much attention for a number of diverse reasons. Not 

only are subduction zones responsible for the vast majority of 
deep focus earthquakes, they also represent one of the few 
situations where we can study the chemical and physical inter- 
action between the mantle and the elastic lithosphere. 

The first representation of subduction regions was provided 
through Wadati-Benioff zones which map the distribution of 
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subduction zone earthquakes [Wadati, 1935; Sykes, 1966; Oliver 
and Isacks, 1967]; however, Benioff zones depict only the lo- 
cation of seismic strain within the slab and only where the 
stress is not relaxed by creep. Other evidence pertaining to 
slabs is derived from waveform analysis of subduction zone 
events [Fidale, 1987; Zhou and Chen, 1995], as well as from 
residual sphere analysis [Creager and Jordan, 1986; Fischer et 
al., 1991]. Recently, the results of seismic tomography have 
provided glimpses of the Earth's interior structure. Previous 
tomographic studies of slabs confirmed dipping structures of 
high seismic velocities, which nicely overlaid Benioff zones 
[e.g., Hirahara, 1977; Spakman et al., 1988; Inoue et al., 1990; 
Zhou and Clayton, 1990; van der Hilst et al., 1991; Zhao et al., 
1997]. These tomographic studies have provided a large 
amount of qualitative evidence supporting the theory of plate 
tectonics, but slab images have not yet been combined with 
theoretical modeling to invert for quantitative information 
about the physical state within the Earth. de Jonge et al., [1994] 
used a forward modeling procedure to derive theoretical ve- 
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Step 1: Perform linearized travel time tomography in a 
subduction region with excellent ray coverage and an accurate 
set of travel times. 

Step 2: Generate a 2-D theoretical temperature model for 
subducting slab temperatures. Convert the theoretical 
temperature profile to velocities using a fixed value of dV/dT. 

Step 3: Compare the theoretical velocity profile to several 
robust and unperturbed slab profiles extracted from the 3-D 
tomographic result generated in step 1. 

Step 4: Use an iterative, conjugate gradient optimization to find 
the optimal set of parameters (mantle potential temperature, Tm; 
and slab thickness,/) such that the theoretical model most 
closely matches the tomogram for all 2-D sections jointly. 

Step 5: Using the optimal values for Tm and l from step 4 build 
a 3-D synthetic velocity model for the entire slab region. 

Step 6: Apply the null-space shuttle operator to obtain the final 
enhanced velocity model which is similar to the synthetic result 
but also satisfies the original travel time data used in step 1. 

The final results include an enhanced 3-D velocity model as well 
as optimized values for slab thickness and mantle potential 
temperature based on a simplified physical model. 

Figure 1. A flowchart depicting the basic steps taken in our 
procedure. 

locity models for the upper mantle and lithosphere based on 
previous tectonic reconstructions and compared the synthetic 
velocity models to travel time tomograms. They did not use the 
synthetic models to enhance or modify the tomographic im- 
ages. Koper et al. [1998] used forward modeling to investigate 
the possibility of an olivine wedge in the subducting slab. 

Along with the seismological exploration of subduction re- 
gions, a number of workers have developed theoretical models 
to explain subduction mechanics as well as mantle convection, 
interactions between the lithosphere and the mantle, and pe- 
trology and chemistry of the mantle. These models are often 
used in conjunction with supporting experimental results to 
further our understanding of subduction. For example, Fischer 
et al. [1991] used the temperature model of Toksoz et al. [1971] 
along with residual sphere analysis to determine the vertical 
extent of the slab as well as a simple thermal structure of the 
slab. 

In this study we unite a simple thermal model for subducting 
material with the results of a high-resolution, three-dimen- 
sional tomographic study of the Tonga-Fiji region. Our aim is 
twofold. First, we obtain acceptable values for the model pa- 
rameters, such as mantle temperature and slab thickness, as 
well as a slab temperature profile. Unlike previous tempera- 
ture profiles, our results are based on a direct fit of a physical 
model to tomographic images. We use seismic delay times to 
find the optimal values for the temperature model parameters 
as well as to confirm the theoretical model. The values of the 

physical parameters we obtain from the inversion of the tem- 

perature model can then be used along with mineral physics 
laboratory data to study the interaction between the slab and 
the mantle. For example, the interior temperature of the slab 
at the 400-km discontinuity is an important factor in determin- 
ing the extent to which the phase change from olivine to spinel 
will be kinetically inhibited [Rubie and Ross, 1994]. The tem- 
perature structure of the slab is also crucial in determining the 
possibility that volatiles will be subducted into the transition 
zone [Gasparik, 1993; Nolet and Zielhuis, 1994]. Slab temper- 
atures at the 660-km discontinuity can be used to help explain 
or infer the future of lithospheric material after it reaches the 
660-km boundary [van Keken et al., 1996]. 

Second, the use of a theoretical model for the slab enables us 
to substantially enhance the final tomographic image without 
affecting the data fit. We maintain an acceptable misfit by 
using only null-space components to bias the tomographic im- 
age in the direction of the theoretical temperature model [Deal 
and Nolet, 1996b]. The quality and resolution of previous to- 
mographic studies of slabs have depended heavily on data 
quality as well as ray coverage. Poor data or inadequate ray 
coverage lead to artifacts and regions with low resolution. 
Owing to the underdetermined nature of the inverse problem, 
no unique solution exists. Our technique provides a method to 
incorporate additional information in the tomographic image 
without affecting the misfit. Essentially we reparametrize the 
slab portion of the velocity model using a theoretical temper- 
ature model; the result is a huge reduction in the number of 
parameters. If the changes to the velocity model (induced by 
the theoretical temperature model) can be projected onto the 
null-space, we conclude that the theoretical model and the new 
parametrization satisfy the seismic data. 

We demonstrate the method and present results for the 
Tonga subduction region. In this study we combine tomogra- 
phy with a quantitative, theoretical temperature model for slab 
temperatures. A flowchart depicting the basic steps taken in 
our procedure is shown in Figure 1. We stress that the null- 
space projection operator, referred to as the "null-space shut- 
tle," can be used with all linearized inverse problems which 
result in a singular or nearly singular matrix. Our procedure 
can easily be utilized in other settings where one wishes to test 
a theoretical model or to apply a priori knowledge to an in- 
version based on experimental data. 

2. Tomographic Inversion 
In order to compare a tomographic model to a theoretical 

temperature model it is necessary to obtain a high-resolution 
tomographic image of the velocity structure. The two major 
issues to address in order to achieve an adequate resolution are 
ray coverage and model parametrization. Many of the steps 
involved in the tomographic inversion are similar to those of 
van der Hilst [1995]. Here we will point out where we have 
made substantial improvements or modifications which are 
relevant for our purposes. 

2.1. Data 

In order to achieve excellent ray coverage we use various P 
wave phases reported to the International Seismological Cen- 
tre (ISC) between 1967 and 1995. The data set, hereinafter 
referred to as EHB data, from which we choose our rays was 
compiled by Engdahl et al. [1998] and includes over one million 
data. The velocity model includes the region between 0.5øS and 
50.0øS, and 170.0øE to 170.0øW, down to a depth of 1500 km, 
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Plate 1. Two vertical slices through the velocity model depict the method used to enhance the tomographic 
images and determine optimal values for T m and l. The two slices at the top of Plate 1 are from the initial 
tomographic model. In total, 16 slices at 0.5 ø increments are taken through the three-dimensional model from 
the region marked in Figure 3 (slice 1 to the north). The middle row in Plate 1 corresponds to the theoretical 
slab velocity model based on the optimal values (Tm = 1180øC, l = 82 km). The theoretical slab model has 
no velocity structure outside of the slab or below 660 km because the analytical model only specifies 
temperature deviations within the slab, above 660 km. The two slices in the bottom row in Plate 1 are the final 
result after projecting the difference between the theoretical model (middle row) and the original tomogram 
(top row) onto the null-space. The original tomographic result and the enhanced image both have nearly an 
identical misfit to the seismic travel times. The final images in the bottom row have been strongly biased in 
the direction of the theoretical slab model and only deviate from it as required by the seismic data. 
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Plate 2. Three additional vertical slices through the velocity model. Slices on the left are extracted from the 
initial 3-D tomographic inversion Slices on the right are the final images after the null-space projection The 
final slices are taken from the enhanced 3-D solution that most closely resembles the theoretical slab model 
while still satisfying the seismic delay times. In the enhanced images the slab region appears to be more 
continuous and better defined than in the original minimum-norm tomographic solution 
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and the rays chosen for the tomographic inversion are from 
events both within the velocity model and from teleseismic 
events outside of the region that are recorded by stations 
within the velocity model. The event hypocenters have been 
previously relocated using the method of Engdahl et al. [1998]. 
The relocation algorithm used by Engdahl et al. is an iterative 
procedure based on arrivals of prominent body waves, such as 
P, pP, and S arrivals; during the process, phase arrivals are 
reidentitled based on a comparison to theoretical arrival times 
and robust statistics. Owing to the massive number of arrival 
times in the data set we are able to be selective in our choice 

of data and demand a certain level of quality. Specifically, we 
use only impulsive P wave arrivals that have a residual less than 
a prescribed threshold. The initial distribution of residuals 
after relocation, but prior to tomographic inversion, is shown 
in Figure 2. In order to reduce the model artifacts common in 
tomographic inversions we attempt to remove potential outli- 
ers. A simple calculation shows that a ray which travels up 
through the slab could very likely have a residual >3 s. More- 
over, test inversions show that the perturbations in some re- 
gions were reduced significantly when we removed residuals 
with absolute values >3 s. We therefore chose a cut off value 

of 4.9 s, which is the 3o- level for the residuals (Figure 2). The 
residuals are all calculated with respect to the one-dimensional 
ak135 background Earth model [Kennett et al., 1995] and are 
corrected for the Earth's ellipticity. A correction is also made 
for the bounce point elevation for all reflected phases as well as 
station elevation [Engdahl et al., 1998]. Our final data set con- 
sists of over 350,000 rays, and includes P, PP, PKP, and 
PKIKP as well as pP. 

2.2. Model Parametrization 

In order to achieve a high resolution in the region of the 
subduction zone we parametrize the model using a three- 
dimensional Cartesian grid of nodes spaced 50 km in the x and 
y directions and 30 km in the z direction (approximate depth). 
Trilinear interpolation is used to calculate the velocity pertur- 
bation between nodes. Previous studies have often been based 

on a constant velocity cell parametrization. However, for our 
purposes, this proved unacceptable since the rapid changes in 
velocity in a subduction region render a parametrization based 
on cells with constant velocity inadequate. The close spacing of 
our nodes represents a substantial improvement over many 
previous studies. More recent inversions such as by Zhao et al. 
[1997] have also had tremendous success using a closely spaced 
parameterization. Comparing our results to those using a more 
coarse parametrization, we see the same major features, al- 
though the amplitudes, as well as the amount of fine scale 
detail, are increased by using closely spaced nodes. For exam- 
ple, van der Hilst [1995] shows the Tonga slab as several distinct 
high-velocity patches. Our initial tomographic results (Plates 1 
and 2) link the high velocity regions seen by van der Hilst [1995] 
into a much more continuous, narrower feature. Besides using 
more closely spaced nodes, we also include a smoothing matrix 
(equation (2)), while van der Hilst [1995] used norm damping. 

The area of interest is the Tonga trench and the region 
beneath the South Fiji Basin. However, the velocity model 
consists of an area somewhat larger than the immediate Tonga 
region in order to avoid any edge-related phenomenon from 
affecting the slab and its immediate vicinity (see Figure 3). The 
model has ---500,000 velocity nodes as well as 7000 parameters 
for station corrections and parameters for 80,000 event relo- 
cations. Hypocentral relocation parameters are included in the 

-10.0 -5.0 0.0 5.0 10.0 

Travel time residuals (s) 

Figure 2. Histogram of the initial distribution of EHB delay 
times after the hypocentral relocation procedure of Engdahl et 
al. [1998] but prior to the tomographic inversion. The value for 
3o- is 4.9 s; using a cutoff much less than this causes a loss in 
amplitudes of the velocity anomalies. 

inversion to account for possible heterogeneities outside of the 
model; they are not meant to be an improvement to those of 
Engdahl et al. [1998]. Small station corrections are also per- 
mitted in the inversion. For reasons of computational effi- 
ciency the model is parametrized as a Cartesian grid of nodes; 
since the Earth is spherical, a portion of the nodes lie outside 
of the Earth and remain unaffected by the inversion. 

2.3. Travel Time Inversion 

We use the LSQR algorithm for the inversion of the travel 
time residuals for velocity perturbations, station corrections, 
and hypocentral relocations. LSQR is an iterative, conjugate 
gradient method that quickly converges to the least squares 
solution. Minimizing the Euclidean norm of the misfit vector is 
theoretically not the ideal choice but is usually chosen for its 
speed and ease of implementation. In choosing the least 
squares solution we have assumed that the delay time errors 
(including modeling errors) follow a normal distribution. In 
matrix notation the tomographic inverse problem is 

Ax = d + s, (1) 

where (d + s) is the vector of N travel time residuals and s is 
the noise present in the data [Nolet, 1987]. Because we used a 
global data set, we were, in practice, forced to do the ray 
tracing in a spherically symmetric Earth model. Ray bending 
will possibly lead to a shift in the exact location of the anom- 
alies, though the effect on integrated velocity anomalies is 
difficult to assess, especially when finite frequency effects, 
which tend to reduce the dependency of the travel time to the 
exact ray location [Marquering et al., 1998; Tong et al., 1998], 
are taken into account. Similarly, event mislocations will lead 
to errors. Tarantola [1987] argues that modeling errors are 
equivalent to data errors in an equation such as (1). The model 
vector x includes velocity updates as well as corrections for the 
hypocenter location and station statics. We note that Bijwaard 
et al. [1998] estimate the standard deviation in the EHB data to 
be as low as 0.3 s, in accordance with our finding that the 
corrections have a small effect on the tomographic solution but 
are helpful to stabilize the inversion. 

We solve (1) with the iterative matrix solver LSQR. The 
inner workings of LSQR have been discussed extensively else- 
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Figure 3. A map of the southwest Pacific region; the dark lines perpendicular to the trench denote the 
location of the slices depicted in Plates 1 and 2. The Tonga slab forms a hook north of 19øS at the location 
where the Vitiaz trench was once an active continuation of the Tonga trench to the northwest. Below 25øS is 
the Kermadec trench, which in the tomographic images has a less continuous slab. The ray coverage and 
resolution are reduced south of 25øS. 

where [Paige and Saunders, 1982; Nolet and Snieder, 1990; Deal 
and Nolet, 1996a]. Here it suffices to say that LSQR converges 
to the minimum-riorm, least squares solution by adding orthog- 
onal vector components to the approximate solution at each 
iteration. In our case, convergence requires between 50 and 
100 iterations. 

Because the da•a vector includes noise, the converged solu- 
tion to (1) may contain extreme fluctuations over short dis- 
tances. These are known to be artifacts caused by the inversion 
trying to accommodate the noise through excessive variations 
in the model. In order to reduce this effect we not only damp 
the solution (see below) but also require the model to have a 
certain degi'ee of smoothness. Intuitively, one should expect 
the velocity at a given node to be related to the neighboring 
nodes. This. constraint is implemented by using a linear 
smoothing matrix S [Spakman and Nolet, 1988] to define a 
smooth solution vector x .... th, 

Sy = x .... th' (2) 

In our case the smoothing is a typical Gaussian function which 
extends over roughly three nodes in each direction. The ele- 
ments in each row of S sum to 1.0, and the matrix is almost full 
rank, indicating the product AS has almost the same rank as A. 
Therefore model resolution is not significantly affected by the 
smoothing, but whenever the lack of resolving power allows, 
the smoothing matrix partially redistributes the slowness devi- 

ation at each node to the nearest neighboring nodes. Putting 
(2) into (1) gives [Spakman and Nolet, 1988] 

ASy = d + e, 

A'y=d+•, (3) 

Xsmooth • Sy. 

With the inclusion of a smoothing matrix we find a modified 
minimum-norm solution. However, smoothing alone is not 
enough to guarantee that noise in the data will not lead to 
numerous artifacts in the final solution. We must also damp 
the solution. 

Damping creates a trade-off between fitting the noisy data 
and minimizing the changes between the model and a given 
reference model [Menke, 1989]. Once the model norm grows 
too large, the solution often contains unrealistic structures or 
artifacts which are caused primarily by noise or errors in the 
data. In our case we need a precise method for choosing the 
final solution. Since our intention is to fit a theoretical model 

for slab temperatures to the velocity perturbations in x, the 
goal is to find the tomographic model with velocity perturba- 
tions approaching those in the "true" Earth, while minimizing 
the artifacts caused by an overzealous inversion trying to fit the 
noise in the data. This requires us to know the statistics of the 
noise. Fortunately, independent estimates for the variance of 
the noise exist for ISC data. 
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The degree of damping introduced into the inversion is 
based on the expected value of the misfit, X 2, which is derived 
from the variance of the noise and the number of data. The 

statistical estimates for the noise are summarized in Table 1. 

We take estimates for the variance of the incoherent portion of 
the signal for ISC ? waves from Gudmundsson et al. [1990]. 
This will probably overestimate the noise level in the EHB data 
used in this study. Estimates for core phases come from Rogers 
and Wahr [1993], who performed a statistical analysis on PKP 
and PcP phases after relocating and reidentifying the arrivals 
employing the same method used on our data [van der Hilst 
and Engdahl, 1992; Engdahl et al., 1998]. 

Multiplying both sides of (1) with the inverse square root of 
the data covariance matrix C•-•/2 causes the inversion to ap- 
propriately weigh each datum based on its estimated uncer- 
tainty. After multiplying (1) by C• •/2, which we assume is 
diagonal, 

= + (4) 

the right-hand side is dimensionless and the incoherent com- 
ponent of the data has a variance of one. 

The dimensionless version of (1) can be posed as 

a + (5) 

where & follows a normal distribution N(0, 1). Then the misfit 
is 

X 2-- /•- a - • 2, (6) 
for the case where each datum has been scaled to have unit 

variance. For the true Earth solution Xtru½ we know 

E 2 2 {Xtrue} -- • • N. (7) 

The inverse problem is damped such that the LSQR solution 
converges to a solution with X 2 = N. Figure 4 is a plot of the 
t ,2 misfit versus LSQR iterations. The region of acceptable 
models in the M-dimensional model space will have a misfit 
which obeys a chi-square distribution with N degrees of free- 
dom [Parker, 1994]. Asymptotically, for large N the chi-square 
distribution approaches a normal distribution with mean N 
and o- x - X/•-•. Our simple statistical reasoning is entirely 
based on the overly optimistic notion that seismic data obey 
Gaussian statistics. It has been shown previously [Jeffreys, 1936; 
Buland, 1984] that this is not entirely true; therefore, since we 
are ignoring the tails present in the distribution of the seismic 
data, we choose to define a region of acceptable misfits based 
on the 6o- x level (as opposed to the more standard 2o- x or 3o- x 
levels). Using 6o- x still provides a very small region of accept- 
able misfit values. The acceptable region for X 2 misfits is shown 

Table 1. Statistical Estimation of the Variance in the ISC 

Delay Time Data Used in This Study 

Major Ray Types 
Variance for Incoherent 

Part of Signal (o-2), s 2 

P (0 ø _< A _< 30 ø) 0.75-1.30 
P (30 ø _< A _< 90 ø) 0.31-0.63 
P (90 ø _< A _< 100 ø) 0.45-0.85 
PcP 2.85 

PKPab 1.70 
PKPbc 1.40 

PKPdf 2.92 

Data from Gudmundsson et al. [1990] and Rogers and Wahr [1993]. 
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Figure 4. The change in X 2 misfit as a function of the number 
of LSQR iterations. The horizontal lines denote the region of 
acceptable solutions based on the expected value of the misfit; 
solutions within the acceptable region show almost no discern- 
ible differences. The width of the acceptable region corre- 
sponds to a deviation of a few percent in the estimates of the 
variance in the data. 

in Figure 4; all the minimum-norm solutions that we inspected 
within E{X 2} ___ 6rr x appear to be nearly identical. 

Since we know the true solution lies within a given region 
around the least squares solution, our goal is to lessen the 
distance between the best fit model and the true solution by 
incorporating additional information. In this study the addi- 
tional information includes the notion that slab velocity varia- 
tions are strongly influenced by temperature and that the tem- 
perature distribution satisfies physical laws. Neither are very 
certain, but we can bias our model toward such a theoretical 
solution and only deviate from it for as far as the data allow us 
to do so. 

3. Inverting for Slab Thickness and 
Mantle Temperature 
3.1. Theoretical Temperature Model 

The result of the tomographic inversion is a three- 
dimensional model of seismic velocity deviations from the 
ak135 background model. The high-velocity slab is the feature 
of the tomogram we want to enhance using a theoretical tem- 
perature model. To first order, we relate the positive velocity 
anomalies in the slab to temperature deviations from the am- 
bient mantle temperature. To translate theoretically predicted 
temperature anomalies to velocity perturbations, we use the 
thermal coefficient of seismic velocity, d l//d T. We assume the 
derivative is constant over the pressure range involved. Using 
laboratory data from Duffy and Anderson [1989] and assuming 
a slab petrology similar to that proposed by Ringwood [1982], 
we calculate the value of dl//dT to be 4.8 x 10 -4 km s -1 C -1. 
This value is also consistent with the measurements based on 

residual sphere analysis by Creager and Jordan [1986] and 
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Figure 5. A schematic illustration of a subducting slab in- 
cluding a change in dip angle. The model parameters are 
labeled. 

Fischer et al. [1991]. Since our travel times are representative of 
impulsive P waves with frequencies of the order of 1 Hz, we 
believe this value accurately reflects the anharmonic effect of 
temperature on the seismic waves in our data set. The labora- 
tory determined value of dV/dT that accounts for the anhar- 
monic effects of temperature will be less appropriate for lower- 
frequency arrivals because of attenuation-related velocity 
dispersion effects [Goetze, 1977; Karato, 1993]. 

To more efficiently compare the tomographic result to a 
synthetic slab model based on a theoretical temperature 
model, we choose to use an analytical expression in place of a 
finite difference algorithm to predict slab temperatures. The 
temperature model used is a slightly modified version of the 
solution given by Davies and Stevenson [1992, appendix]: 

T = T m 4- (T m - To){ (x- l) 2l [erf(b) - erf(a)] 

e -b2 -- e-a2] } - a l x/• , (8) 
where a - -x/a, b = -(x - l)/a and a = X/4•y/Vy. Tm 
is the potential mantle temperature, To is the temperature at 
the top of the slab at the point when the slab enters the 
asthenosphere, l is the slab thickness, Vy is the downgoing 
subduction velocity in the direction of the slab motion, and • is 
the heat diffusivity. The coordinate system is such that y is 
positive down the dip direction of the slab and x is positive 
down into the mantle beneath the slab (Figure 5). While this 
may be a simplified model, one of the issues we hope to 
address is how well a simple model can explain the tomo- 
graphic observations. 

We checked the accuracy of (8) by comparing it to the 
outcome of the finite difference algorithm created by N.H. 
Sleep [Toksoz et al., 1973]. The differences between the ana- 
lytical equation in (8) and the finite difference code are insig- 
nificant for our purposes; the largest discrepancy is over a 
narrow region in the center of the slab and is --• 100øC. Figure 
6 shows the thermal slab profile calculated using the analytical 

model (equation (8)). The evolution of the temperature pro- 
files across the slab with increasing depth is shown in Figure 7. 
All calculations are done using potential temperatures 
[McKenzie, 1970]. 

3.2. Two-Dimensional Slices 

Using a constant value for dV/dT, we are able to employ (8) 
to convert temperature variations to velocity anomalies 

dV 

AV= IT(x)- re] dr' (9) 

where T(x) is the temperature predicted by the theoretical 
temperature model and the vector x contains the parameters in 
the analytical temperature model. The temperature profile for 
a two-dimensional slab cross section is converted to velocity 
perturbations using (9) and then compared to perpendicular 
cross sections through the tomographic slab model. Instead of 
comparing the velocity perturbations at individual nodes in the 
model, we compare the integrated value of the velocity devia- 
tions for two depth regions. The integral over all positive 
velocity anomalies in the slab region between 100 and 350 km 
depth is calculated for both the tomogram as well as the pre- 
dicted slab model. The integral is also calculated between 450 
and 660 km. The misfit is expressed as 

Fi = fv [vmød(r) -- Vtømø(r)] d2r' (•0) 

where Vi is the volume defined by all positive anomalies ex- 
cluding 350-450 km depth for slice i, and Vmod and Vtomo are 
the velocity deviations at location r for the theoretical model 
and tomogram, respectively. A nonlinear conjugate gradient 
optimization based on the Fletcher and Reeves [1964] algorithm 
is used to minimize the objective function (equation (10)). The 
parameters we invert for are slab thickness and potential man- 
tle temperature while keeping slab velocity and the heat dif- 
fusivity constant. The integral over all positive velocity anom- 
alies is not dependent on the values used for slab velocity and 
diffusivity since the physical model used is for the steady state 
thermal regime. The velocity and diffusivity affect the shape of 
the temperature profile but not the integrated value of velocity 

200 

.• 400 

600 • 
y/• T=1200C l=85 km 

8OO 
200 400 6tJO 800 1000 

Horizontal distance (km) 

Figure 6. Two-dimensional temperature profile based on the 
analytical model shown in equation (8). The input parameters 
are mantle potential temperature Tm = 1200øC, slab thick- 
ness l 85 km, • - plate velocity of 7.5 cm yr- , heat diffusivity 

2 1 o of 1.28 x 10 -12 km s- , and angle of subduction of 45. 
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Figure 7. The temperatures across the slab at a given distance down the length of the slab. (a) At the top 
of the slab (the point where the slab enters the asthenosphere and the flow turns parallel to the slab, 100 km), 
showing the initial condition; (b-d) obtained by solving heat flow equation (8) using the same parameters as 
in Figure 6. The dashed lines indicate the initial position of the slab. 

-1 

(or temperature) deviations. We use a value of v = 7.5 cm y 
[Jarrard, 1986] and •( = 1.28 x 10-•2 km 2 s-•. The position of 
the slab and angle of subduction is constrained by the initial 
tomographic images as well as slab seismicity. The position of 
the slab in our images is very similar to the extremely high 
resolution images of Zhao et al. [1997], who used a data set 
enhanced by local ocean bottom seismometer data. 

The depth regions over which we compare the tomogram to 
the predicted model are chosen so the olivine to spinel phase 
change will not affect our results. Phase changes are purposely 
absent in the simplified analytical model because of the uncer- 
tainty involved in trying to map the thermal effects of phase 
changes onto the slab. If the phase change from olivine to 
spinel occurs at the same depth in the slab and in the ambient 
mantle, then the results of the analytical model would be cor- 
rect across the phase change. However, the analytical model 
will be incorrect if the depth of the phase change associated 
with the 400-km discontinuity is elevated within the slab due to 
its lower temperature, or lowered if metastable olivine persists 
within the slab. To avoid the problems associated with the 
olivine to spinel discontinuity, the region over which the phase 
change is thought to occur (350-450 km) is disregarded when 
we compare the theoretical temperature model to the tomo- 
gram; therefore the depth of the phase change within the slab 
does not affect our final results. This implies we are confident 

that material above 350 km is still in an olivine structure, both 
within the slab as well as the surrounding mantle. Likewise, 
below 450 km we assume the transformation to the denser 

spinel phase is complete. 
The smoothing of the tomogram in the inversion step has a 

negligible effect on the results since we integrate over positive 
velocity deviations in the slab region when comparing the mis- 
fit between the tomogram and the predicted slab model. Our 
method is based on the total overall effect of a cool slab on 

velocity and not on local, high-resolution effects. The use of 
integrated anomalies causes a loss of resolution in the model- 
ing, and as we show in section 5, we are not able to separate the 
effect of slab thickness from that of the ambient mantle tem- 

perature, but it offers various advantages that we briefly discuss 
here. Koper et al. [1998] show the inability of even a very dense 
data set to resolve details of the velocity structure in the slab. 
Tong et al. [1998] show that finite frequency effects may reduce 
the travel time anomaly, while at the same time spread it over 
a wider area such as to preserve the integrated value of the 
delay over a larger volume. The integrated value is an average 
and as such more precisely determined than local values. 

When choosing which cross sections through the tomo- 
graphic model to compare to the theoretical slab model, we are 
careful to use only those slices which we feel are representative 
of the three-dimensional velocity model. Slices not represen- 
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Figure 8. The trade-off curve for the nonlinear optimization 
between mantle temperature and slab thickness. Based on the 
results from the tomographic imaging, the acceptable slab 
thickness and mantle temperature values are shown by the 
shaded region. Since the amplitudes of the velocity deviations 
in the damped, least-squares solution are assumed to be less 
than or equal to the deviations in the "true" Earth, we use 
figure 10 as an indication of the lower bounds on the mantle 
temperature and slab thickness parameters. The upper bound 
for the temperature and thickness parameters is shown in 
figure 11. The contour interval is 1 and the misfit values have 
been scaled such that an acceptable misfit is less than 1. 

tative of a continuous subducting regime are not used in the 
nonlinear optimization for temperature parameters; however, 
they are included in the final three-dimensional synthetic slab. 
For example, slice 13 (Plate 2) depicts a slab which has been 
strongly deformed between 400 km and 550 km and is less 
likely to be representative of a steady state process. 

3.3. Three-Dimensional Inversion 

The nonlinear optimization is performed independently on 
each of the well-resolved, typical two-dimensional cross sec- 
tions. The optimal values for the parameters in the slab tem- 
perature model vary somewhat with different cross sections. 
Some variation among the parameters is warranted, such as dip 
angle and position of subduction. Other parameters such as 
mantle temperature and slab thickness should be fairly consis- 
tent over a number of nearby slices. However, certain trade- 
offs exist between the slab thickness and mantle temperature 
which result in nearly equivalent fits to the tomogram for 
different values for the parameters. To reconcile the variations 
among the parameters for the different cross sections, we look 
for regions in the model space where the trade-off curves for 
different cross sections intersect. Each independent cross sec- 
tion may have a family of solutions that satisfy the misfit, and 
for the final solution we choose one that optimally satisfies all 
of the cross-sectional slices. 

The optimal solutions from each of the different cross sec- 
tions are combined analytically using Newton's method. If 
Fi(uo) is the objective function for the ith cross-sectional slice 
at Uo, where vector u is the solution vector which contains the 
parameters to the objective function, then the Taylor series 
approximation for the objective function is 

r,(u) = r(u0) + g,(u0)(u - u0) 

•(u - u0)rni(u0)(u - u0) (11) +• , 

where gi (Uo) is the gradient for the i th section and Hi (Uo) is 
the symmetric Hessian matrix of the objective function for the 
ith section and is calculated using finite differences. In order to 
find an optimal solution for all of the cross sections we define 
a new objective function which is a sum of the individual 
objective functions for each slice, 

= 
i=1 

where n is the number of cross sections. A necessary condition 
for the minimization of the new objective function J is that 
VJ(u) = 0. This gives 

H'u = • [Hi(ui)ui- g,(ui)], (13) 
i=1 

where 

H'= • H,(u•). (14) 
i=1 

For those variables that we wish to hold constant in each 

individual slice, such as dip angle and position of the slab, we 
set the elements in the corresponding rows and columns of the 
Hessian to zero. The position of the slab and dip of the slab are 
determined based on the tomographic results as well as the 
location of seismicity. The inverse of H' is calculated using 
singular value decomposition and can be stabilized by disre- 
garding any eigenvalues which fall below a given threshold. 

Inspection of J(u) as a function of T m and l shows that we 
are unable to uniquely specify the mantle temperature and slab 
thickness. Instead, we find a small region of acceptable tem- 
perature and thickness combinations. The misfit contour plot 
showing the optimal values for Tm and l, based on all of the 
slices used in the nonlinear optimization, is shown in Figure 8; 
the shaded region indicates the area of acceptable solutions. In 
order to obtain the most appropriate value for the thickness of 
the lithosphere we need a constraint for the temperature of the 
mantle. 

The phase transition from 3/-spinel to perovskite can be used 
to specify the temperature at 660 km. The temperature of the 
phase transition to the perovskite structure is not substantially 
affected by the Mg to Si ratio or the percent Fe in olivine in the 
mantle [Ito and Takahashi, 1989] and therefore is an ideal 
choice for fixing the temperature at 660 km. Laboratory data 
on the spinel to perovskite phase change indicate a tempera- 
ture of 1675øC at 660 km [Boehler and Chopelas, 1991, 1992]. 
Extrapolating this temperature to the surface (P = 0), assum- 
ing an adiabatic gradient, gives T m • 1180 ø _+ 100øC (F. 
Stacey, personal communication, 1996). Using this value for 
the potential mantle temperature gives an optimal slab thick- 
ness of 80 km in the Tonga region. However, this value rep- 
resents the lower bound on l since the contour plot for misfit 
as a function of T m and l is based on the initial, damped, least 
squares tomogram. 

4. Null-Space Shuttle 
In order to create a theoretical three-dimensional model of 

velocity deviations we need a mechanism to combine two- 
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dimensional slab cross sections into a three-dimensional 

model. The optimal temperature parameters are used to pre- 
dict the slab structure for all slices, even those slices not in- 
cluded in the nonlinear inversion. For those slices which are 

deformed and have kinks in the slab structure we use an ap- 
proximation in the coordinate system shown in Figure 4. We 
do not feel the approximation made by bending the coordinate 
system in order to facilitate a kink in the temperature models 
is major. As shown later in this section, the null-space shuttle 
will correct us when and where the approximation is wrong. 
Finely spaced two-dimensional cross sections are then com- 
bined and interpolated to form a three-dimensional model. 

Using the final parameters to the theoretical temperature 
model, we are able to create a theoretical tomogram based on 
the temperature model. The theoretical slab images (see Plate 
1) do not contain any structure other than the subducting slab 
since the simple temperature model only specifies tempera- 
tures within the descending slab. Areas far away from the slab 
are left unchanged from the initial tomographic model. The 
new velocity model which includes the theoretical slab based 
on the temperature model no longer satisfies the original seis- 
mic data. In order to reconcile the misfit to the EHB delay 
times caused by the theoretical slab, we utilize the null-space 
shuttle IDeal and Nolet, 1996b]. The difference between the 
original tomogram, which satisfies the delay time data, and the 
theoretical slab, which does not satisfy the delay times, is pro- 
jected onto the null-space from the tomographic inversion. If 
the difference between the two models can be projected onto 
the null-space of matrix A (equation (1)), then the theoretical 
model is consistent with the travel time data. If 

Ax -- Xth .... tical- Xtomogram (15) 

is the difference between the two models, where Xtomogra m is a 
solution to (1), then using the null-space shuttle operator, NS, 
we can find the component of Ax that lies in the null-space 
[Deal and Nolet, 1996b]: 

NS(Ax)--'- AXnull_sp .... (16) 

and define our final image as 

By definition 

and therefore 

Xfina 1 --'- Xtomogra m '3- AXnull_spac e. (17) 

A A x null-space = 0, (18) 

A(xfinal ) = dEH B. (19) 

We require that the misfit of our improved image (Xfinal) falls 
within the region of acceptable misfits as defined previously. 
The misfit of the initial, least squares solution and the misfit of 
the final model are comparable. The initial tomogram is a 
minimum-norm solution, while the final model contains null- 
space components introduced by the theoretical temperature 
model. 

5. Results 

5.1. Slab Morphology 

The results of the tomographic inversion are shown in Plates 
1 and 2. Slices are taken every 0.5 ø along the trench with slice 
1 to the north; only a subset of the slices is shown. The slices 
depicted in Plates 1 and 2 are marked on the map in Figure 3. 

Many of the features seen in our tomographic results are 
similar to those described by van der Hilst [1995]. The major 
differences reflect the improved resolution we obtain by using 
50-km-spaced nodes as opposed to larger cells to parameterize 
the velocity model. The more recent study by Zhao et al. [1997] 
uses cells 25 km high and 50 km wide to achieve a very high 
resolution result which has similar characteristics to our model. 

At depths below 400 km the tomographic images of the Ker- 
madec slab show a less continuous slab that appears to break 
into pieces between 29øS and 40øS. Since the images obtained 
for this region show a discontinuous slab, we choose not to 
optimize the temperature model against the images of the 
Kermadec slab. One possible reason for the Kermadec slab to 
appear broken in the tomographic images is the decreased ray 
coverage in the area. 

Below 600 km depth in slices 9-12 there is a large amount of 
high-velocity material beneath the South Fiji Basin. This ma- 
terial has probably been subducted 10-20 m.y. ago at the 
Tonga Trench or the Vitiaz Trench [Hamburger and Isacks, 
1987]. The interaction of the lithospheric material from previ- 
ous subduction zones may be responsible for the slab defor- 
mation seen in the central part of the Tonga slab between 400 
and 500 km. 

The slab images in slices 1-4 show the slab's dip decreasing 
at -400 km depth. The slab appears to become horizontal 
below 500 km in slices 1 and 2 (farthest north), while later 
slices show the slab possibly continuing through 660 km. Cross 
sections in the vicinity of 24øS (slices 10-13, Plate 1) show the 
dip of the slab increasing dramatically around 400 km depth; 
below 500 km the dip of the slab appears to return to normal. 
This feature has been noted previously by Giardini and Wood- 
house [1984], who examined earthquake locations in the Be- 
nioff zone. One possible cause for the deformation is the in- 
teraction of the slab with remnants of previous subduction 
zones, however, the tomographic models do not image any 
high-velocity features nearby the slab in this region. Another 
possible explanation given by Giardini and Woodhouse [1986] is 
that the slab deformation is a result of flow in the mantle. 

Because of the unusual deformation inferred from slices 10- 

13, we do not include them in the nonlinear inversion for 
temperature parameters. 

Central slices (e.g., slices 5 and 9) show the slab with a fairly 
constant dip; these slices also show a horizontal layer of high- 
velocity material above 660 km as well as a substantial amount 
of high-velocity material below 660 km. The high velocities at 
depth occur horizontally over distances of 700-1100 km. Even 
though most of the tomographic images remain ambiguous 
about the fate of the subducted material when it reaches 660 

km depth, our work demonstrates that the high velocities west 
of the Tonga slab, both above and below 660 km, are required 
by the data. This observation is discussed further in section 5.3 
on the back projection method. However, it is apparent that 
the slab encounters some type of resistance at 660 km. Our 
images are most consistent with models that explain partial 
slab penetration into the lower mantle [van Keken et al., 1996], 
or intermittent penetration. 

5.2. Slab Thickness and Resolution 

During the inversion for slab thickness we assume that the 
tomographic velocity deviations in the slab region are slightly 
less than those in the true Earth due to damping. Therefore the 
slab thickness estimate obtained should be viewed as lower 

bounds for the true Earth value. Since the initial tomogram 
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120 null-space projection to eliminate those parts of a filtered 
model which are not in the null-space, we require the final 
misfit to be within the level specified in Figure 4. Using a value 

100 of T,n = 1180øC, our results suggest a slab thickness of 82 _+ 8 km. 

5.3. Enhanced Images After the Null-Space Shuttle 

80 Besides using the seismic data to constrain the physical pa- 
rameters (T,n and l ) in the theoretical temperature model, we 
want to use the temperature model to enhance the tomogram. 60 
Two cross sections through the theoretical slab velocity image 
based on our final choice of temperature parameters are shown 
in Plate 1. The initial position of the slab and the dip are 

40 determined independently for each slice based on the initial 
tomogram. Since the simple thermal model only specifies tem- 

800 1000 1200 14'00 peratures, which are converted to seismic velocities using the 
Potential Mantle Temperature (øC) 

Figure 9. The contour plot of the misfit function using the 
filtered tomographic model which has the highest slab velocity 
deviations that are permitted by the data. The shaded region 
depicts the area of acceptable T m and l combinations for the 
upper bounds. Figure 8 shows the lower bounds for potential 
mantle temperature and slab thickness, while Figure 9 shows 
the upper bounds. 

serves as the lower end-member for velocity deviations (and 
hence r m and l ), we use the null-space to find a model to serve 
as the upper end-member. To do this, we modify the initial 
tomogram by replacing the slab region with a theoretical slab 
based on unrealistically large values for mantle temperature 
and lithosphere thickness. Of course, the model with the un- 
realistically thick slab does not satisfy the seismic data. We 
then use the null-space projection operator to find the velocity 
model with the maximum slab velocity anomaly still allowed by 
the data. Using this end-member model to perform the non- 
linear optimization for the temperature parameters results in 
the T m versus l contour plot shown in Figure 9. The shaded 
area shows the region of optimal T m and l combinations based 
on the upper end-member velocity model. In this case, if we 
again assume T m • 1180øC, we find a slab thickness of 84 km. 
Thus, within the resolution of the tomographic inversion we 
are able to constrain the slab thickness to lie between 80 and 84 

km. To do this, we must add the uncertainty due to the uncer- 
tainty in r m (7.7 km for 100øC). The resulting uncertainty in l 
is therefore estimated to be %/7.72 + 22 = 8 km. However, the 
uncertainty in r m mainly acts as a "baseline" shift. If Tm is 
constant along the slab, we expect to resolve changes in thick- 
ness exceeding the uncertainty of 4 km. In our analysis we have 
used commonly used values for various physical parameters. 
While our solution is rather insensitive to most of them, a 
change in the value of dl//dT = 4.8 x 10 -4 km s -• øC -• 
(averaged over all depth levels) would lead to a bias in our 
temperature estimates for the slab and, consequently, a bias in 
the thickness. Similarly, if the mantle is substantially higher in 
temperature, as recently suggested by Hofmeister [1999], a bias 
in the thickness will result which can be inferred (for a partic- 
ular T m from Plate 2 and Figure 8). Our error estimate of 8 km 
does not include such systematic errors, it is primarily meant to 
give an indication whether changes in slab thickness are re- 
solved or not. 

Our final result for the optimal Tm and l is based on the 
lower and upper bounds discussed above. Each time we use the 

parameter d l//d T, there is no structure away from the slab or 
below 660 km. The three-dimensional velocity model based on 
our temperature model (equation (8)) has a X 2 misfit of 4.53 x 
l0 s, compared to a misfit of 3.60 x l0 s for the LSQR solutions. 
Clearly, the synthetic slab model does not satisfy the EHB 
data. 

In order to constrain the theoretical slab velocity model to fit 
the original travel time data, the portion of the theoretical slab 
image which is not consistent with the seismic data is removed 
from the model using the null-space projection. The resulting 
images after the projection are shown in Plates 1 and 2. The 
new corrected velocity model has a i 2 misfit of 3.66 x l0 s 
which is within the region of acceptable misfits shown in Figure 
4. The new tomograms shown in Plates 1 and 2 are from the 
velocity model which most closely resembles the theoretically 
derived slab model while still satisfying the seismic data. 

Previously, we mentioned that the high-velocity material be- 
low 660 km, as well as that laid down on top of the 660-km 
discontinuity, is required by the data. This is seen in Plates 1 
and 2; the theoretical slab model has no high velocities to the 
west of where the slab initially reaches 660 km. However, after 
projecting the difference between the theoretical model and 
the tomogram onto the null-space, we see high velocities above 
and below 660 km in the final model. We conclude that these 

high velocities are required by the data. 
Another important result concerns the low-velocity zones 

surrounding the subducting lithosphere. The theoretical veloc- 
ity model has no low-velocity zones surrounding the slab; how- 
ever, after projecting onto the null-space, the low-velocity 
anomalies return in the final solution but to a lesser extent. 

This means that the low-velocity zones are required by the 
seismic data in order to achieve the desired misfit, but the 
amplitude of the low velocities in the initial tomographic so- 
lution are higher than necessary. The causes for the low- 
velocity zones at depth are debatable, and they are often 
thought to be artifacts of the linearized inversion. One specu- 
lative explanation for the low-velocity zones has been partial 
melt caused by the release of volatiles, primarily H20 and CO2, 
into the mantle. However, the release of H20 and CO2 into the 
mantle is usually expected to occur above 120 km depth, and in 
order for volatiles to reach greater depths we need to invoke 
superhydrous phases [Thompson, 1992; Nolet and Zielhuis, 
1994]. Other possible causes for the low velocities include 
flow-induced anisotropy in the mantle immediately adjacent to 
the slab. Christensen and Salisbury [1979] have established that 
the a axis (fast direction) for olivine will orient in the direction 
of the flow line. If a large fraction of rays sampling the region 
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beneath the slab travels nearly perpendicular to the flow di- 
rection, then there is a possibility that a low-velocity signal may 
be partially realized due to preferred lattice orientations in the 
olivine crystals. Though if this were the case, the region of low 
velocities should exist only in regions of large shear strain, i.e., 
probably within 60-120 km of the slab. Most of the images 
show broader regions of low velocities extending several hun- 
dred kilometers away from the slab. At some places in this 
region the low velocities can be traced down to the core-mantle 
boundary (CMB) and are possibly related to upwelling beneath 
the Society Islands. The purpose of this paper is not to un- 
equivocally explain these low-velocity regions, but our results 
do indicate that the low-velocity zones are required by the data 
in order to satisfy the linearized inversion problem as currently 
posed. 

6. Conclusions 

We have presented a method which allows us to substantially 
enhance tomographic images without corrupting the data fit. 
In the process we are able to provide evidence supporting a 
theoretical slab temperature model and to obtain a range of 
acceptable values for mantle temperature and slab thickness 
for the Tonga slab. Assuming a potential mantle temperature 
of 1180øC +_ 100øC, we determine a slab thickness of 82 +_ 8 km 
for a region of the Tonga slab. We have also shown that the 
gap in the slab near 325 km depth seen in previous tomo- 
graphic studies is not required by the data: our final images 
depict a much more continuous and narrow slab between 100 
and 660 km. 

A portion of the 1-3% low-velocity regions seen on both 
sides of the slab (especially beneath the slab) is required by the 
data. We can not eliminate these low-velocity zones by using 
only components in the null-space. The fate of the slab once it 
reaches 660 km is still debatable. In the Tonga region many of 
our slices indicate that the slab flattens at 660 km, and this 
high-velocity material is required in order to satisfy the data. 
There are regions, however, where we find substantial amounts 
of high-velocity material below 660 km, which implies some 
degree of slab penetration [see also van der Hilst, 1995]. 

Our method differs from earlier methods that use a priori 
information in that we use the tomogram to resemble a phys- 
ical model after determination of the optimal model parame- 
ters. For example, Tarantola [1987] and Abers and Roecker 
[1991] impose a priori spatial correlations on the tomographic 
solution that are not tied to a physical model. Lerner-Lam and 
Jordan [1987] test for the minimum lithospheric thickness be- 
neath continents consistent with seismic data but use no other 

constraints. In this paper we have shown how the null-space 
shuttle can be used to bias tomographic solutions toward op- 
timized physical models, thus providing a convenient formal- 
ism for the testing of hypotheses, even those involving compli- 
cated modeling. 
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